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My research interest lies at the intersection of algebraic geometry and number theory. I am partic-
ularly interested in how the biraitonal geometry of an algebraic variety affects the arithmetic of that
variety and conversely how the arithmetic perspective shapes the geometry of an algebraic variety.
Underlying my work is a desire to establish the relationship between geometry and arithmetic.

Since my doctoral study my research has been centered around Manin’s conjecture. Manin’s
conjecture is a conjectural asymptotic formula for the counting functions of rational points of
bounded complexity on a Fano variety after removing the exceptional set formed by accumulating
subvarieties unexpectedly possessing more rational points. Here rational points are points on the
geometric objects, called varieties, such that their coordinates are rational numbers. Fano varieties
are a class of varieties which generalize low degree hypersurfaces in Euclidean space.

Regarding this conjecture, my research can be divided into four parts: First, I studied geometric
aspects of Manin’s conjecture by using techniques from higher dimensional algebraic geometry such
as the minimal model program (the MMP), and established a geometric framework to identify ex-
ceptional sets for the counting function of rational points. Second I applied our study of exceptional
sets in Manin’s conjecture to the study of the space of rational curves on Fano varieties. Third, I
used spectral theory to obtain asymptotic formulas for the number of rational (or integral) points
on compactifications of homogeneous spaces, proving Manin’s conjecture for such varieties. Finally
I studied the density of the set of rational points on Fano varieties and Calabi-Yau varieties.

My current research takes four directions:

(1) Apply techniques of higher dimensional algebraic geometry such as the MMP to problems
in arithmetic geometry, in particular problems on Manin’s conjecture.

(2) Use arithmetic perspectives to study problems in algebraic geometry, in particular, problems
on the space parametrizing rational curves on a given variety.

(3) Use spectral theory and ergodic theory to study the distribution of rational points of
bounded complexity on equivariant compactifications of homogeneous spaces.

(4) Conduct the qualitative study of the distribution of rational points on algebraic varieties,
in particular study weak approximation and Zariski density of rational points for Fano and
Calabi-Yau varieties.

1. Introduction

Let X be a smooth Fano variety defined over a number field F , i.e., X is a smooth projective
variety such that the anticanonical divisor −KX is ample. Let L = (L, ‖ · ‖) be an adelically
metrized ample line bundle, i.e., an ample line bundle L equipped with a family of v-adic metrics
on L over Fv, where Fv is the completion of F at a place v. An adelic metrization on L induces a
height function which is a real valued function on the set of rational points:

HL : X(F )→ R>0,
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and we consider the counting function of rational points of bounded height:

N(Q,L,B) := #{x ∈ Q |HL(x) ≤ B},
where Q ⊂ X(F ) is a subset of the set of rational ponts. A driving problem in diophantine
geometry is the search for an asymptotic formula of N(Q,L,B) as B → ∞. Manin’s program,
initiated in [FMT89], relates the asymptotics of N(Q,L,B), for a suitable Q, to certain global
geometric invariants of the underlying variety X, which are defined as follows:

a(X,L) := inf{t : tL+KX ∈ Eff
1
(X)},

b(F,X,L) := codimension of the minimal supported face containing a(X,L)L+KX of Eff
1
(X),

where Eff
1
(X) is the cone of pseudo-effective divisors on X in the Néron-Severi space NS(X)R.

Here is a modern formulation of Manin’s conjecture which is formulated in efforts by several math-
ematicians including Victor Batyrev, Yuri Manin, Emmanuel Peyre, and Yuri Tschinkel:

Conjecture 1.1. (Manin’s conjecture, [BM90, Pey95, BT98, Pey03]) Suppose that X(F ) is not
thin. Then there exists a thin subset Z ⊂ X(F ) such that

N(X(F ) \ Z,L,B) = c(F,Z,L)Ba(X,L) log(B)b(F,X,L)−1(1 + o(1)), B →∞,
where the constant c(F,Z,L) is a positive real number which admits a conceptual interpretation:
its main ingredient is a Tamagawa-type number introduced for the anticanonical line bundle by
Peyre [Pey95] and for arbitrary big line bundles by Batyrev and Tschinkel [BT98].

Let us recall the notion of thin sets. For any integral variety X defined over a number field F ,
a type I thin set is V (F ) where V ⊂ X is a proper closed subset. A type II thin set is f(Y (F ))
where f : Y → X is a generically finite dominant map of degree ≥ 2 with Y integral. For example
the set of squares in Q is a type II thin set as it is the image of A1 → A1 mapping x to x2. A thin
set is any subset of the union of finitely many type I and type II thin sets.

The original formulation of Manin’s conjecture in [BM90] removes rational points on a proper
closed subset instead of a thin set, and it is true for various classes of varieties, e.g., toric varieties,
flag varieties, certain singular del Pezzo surfaces, and low degree hypersurfaces. However, the closed
set version of Manin’s conjecture admits counterexamples in [BT96], [LR14]. The thin set version of
Manin’s conjecture was first suggested by Peyre in [Pey03], and there is no known counterexample to
this version of the conjecture. In my opinion, algebraic geometers and number theorists were not so
confident about the thin set version of Manin’s conjecture, however our papers [LT17] and [LST18]
present strong positive evidences supporting this refinement. This conjecture has stimulated the
development of several new research directions and methods, and my research has mainly focused
on studying geometric and analytic aspects of Manin’s conjecture.

2. Birational geometry of Manin’s conjecture

2.1. Birational geometry of exceptional sets in Manin’s conjecture.

Since my doctoral study I have been studying birational geometry of Manin’s conjecture mainly
with Brian Lehmann using techniques from the minimal model program and this subject has been
developed rapidly in recent years by several mathematicians in a series of papers [HTT15], [LTT18],
[HJ17], [LT17], [LT19b], [Sen17], [LST18], and [LT19c].

In one of my recent preprint [LST18] coauthored with Brian Lehmann and Akash Sengupta, we
produce a conjectural description of an exceptional set Z in Conjecture 1.1 and prove that it is
indeed a thin set. Here is one of main results from [LST18]:
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Theorem 2.1 ([LST18]). Let X be a geometrically uniruled smooth projective variety defined over
a number field F and L be a big and nef Q-divisor on X.

As we let f : Y → X run over all generically finite maps to the image from smooth projective
varieties such that

(a(Y, f∗L), b(F, Y, f∗L)) > (a(X,L), b(F,X,L))

in the lexicographic order, the set ⋃
f

f(Y (F ))

is a thin set.

Let me explain an idea behind this theorem. If f : Y → X satisfies the inequality above as well
as Conjecture 1.1, then the asymptotic formula of Y dominates the asymptotic formula of X so it
is important to remove the contribution of such Y ’s from our counting function N(X(F ) \Z,L,B).
Thus it is natural to include rational points coming from such Y ’s to Z and a honest question
is whether the union of f(Y (F )) is a thin set. Our main theorem confirms this natural question
affirmatively. In particular, we showed that the geometric incompatibility of generically finite maps
never obstruct the thin set version of Manin’s conjecture.

Let me mention that the conjectural exceptional set in [LST18] is slightly different from the
set of the union in Theorem 2.1, i.e., we also include the contribution of f : Y → X such that
(a(Y, f∗L), b(F, Y, f∗L)) = (a(X,L), b(F,X,L)) and f is face contracting to the exceptional set Z.
In this way, we gave a precise definition of Z in Conjecture 1.1 and proved that it is a thin set.

One of main ingredients in the proof of Theorem 2.1 is Borisov-Alexeev-Borisov conjecture, the
boundedness of singular Fano varieties proved by Caucher Birkar in [Bir19] and [Bir16]. This
theorem states that mildly singualr Fano varieties of a fixed dimension form a bounded family. In
[LTT18], using this conjecture, we proved that subvarieties with higher a-invariants are contained in
a proper closed subset. (At the time of writing this paper, BAB conjecture was still a conjecture, so
our theorem was conditional on BAB. [HJ17] made this result unconditional using [Bir19].) Then in
[LT17] Lehmann and I proved the statement of Theorem 2.1 when Y ’s are subvarieties using BAB
conjecture and the Hilbert irreducibility theorem, i.e., a number theoretic theorem proved by Serre.
In [LT17], we made a few conjectures aiming to obtain a similar statement for generically finite
dominant maps. These conjectures have been proved by Sengupta in [Sen17] using techniques from
the minimal model program. After this Lehmann, Sengupta, and I achieved Theorem 2.1 in [LST18]
building on previous works mentioned above. The arguments in [LST18] are complicated and quite
involved. The main ingredients are still BAB conjecture and Hilbert irreducibility theorem but there
are also substantial usages of the notion of twists of varieties and arithmetic étale fundamental
groups. Readers who are interested in details should consult the original paper [LST18] or our
survey paper [LT19c].

2.2. Future project: Log Manin’s conjecture for klt Campana points.

A Campana orbifold, introduced by Campana, is a pair (X,D) where X is a smooth projective
variety and D =

∑
α εαDα is an effective divisor such that εα = 1 or 1− 1

mα
with mα ≥ 1 an integer

and D =
∑

αDα is a divisor with strict normal crossings. A pair (X,D) is divisorial log terminal
in the sense of the minimal model program and it is kawamata log terminal (klt for short) when
εα < 1 for all α.

Campana points which are introduced by Campana and Abramovich are intermediate objects
between rational points and integral points. Let F be a number field with a finite set S of places
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of F including all archimedean places. Let (X,D) be a Campana orbifold defined over F and we
fix a regular integral model (X ,D =

∑
α εαDα) over SpecOF,S where OF,S is the ring of S-integers.

Set X◦ = X \ ∪Dα.

For each rational point P ∈ X◦(F ) and v 6∈ S, P induces a section Pv of the base change
Xv → SpecOv where Ov is the completion at v and we denote the intersection multiplicity of Dα
at Pv by nv(Dα, P ). We say that P is a Campana point if for any v 6∈ S and α, we have the
implication

nv(Dα, P ) > 0 =⇒ nv(Dα, P ) ≥ mα.

(When εα = 1 we interpret mα as +∞.)

In [PSTVA19], Pieropan, Smeets, Várilly-Alvarado, and I formulated a log version of Manin’s
conjecture for Campana points when (X,D) is klt and −(KX + D) is ample. This log version of
Manin’s conjecture for klt Campana points stimulated several research papers already, and this
field is one of blue oceans mathematicians can enjoy.

With Brian Lehmann, I plan to work on geometric aspects of log Manin’s conjecture for klt
Campana points. One concrete problem is the following:

Problem 2.2. Define an exceptional set of klt Campana points and prove that it is thin as [LST18].

One main obstacle of the above problem is non-birational invariance of the set of klt Campana
points demonstrated in [PSTVA19]. I believe that this prevent us to formulate an exceptional set
of log Manin’s conjecture at this moment. To this end, we first plan to study this problem in the
setting of geometric function fields of curves.

3. The space of rational curves and Manin’s conjecture

3.1. The space of rational curves.

A Fields medalist Shigefumi Mori first found that a Fano variety over C will carry many rational
curves due to the positivity of the anticanonical bundle. The relationship between curvature and
the existence of rational curves is quantified by Manin’s Conjecture, and the Geometric Manin’s
Conjecture which we propose in [LT19b] predicts how the parameter space of rational curves on X
behaves as the L-degree increases using the geometric constants a(X,L) and b(X,L) appearing in
Manin’s conjecture.

In [LT19b], we essentially solved the problem to determine the dimension of the space Mor(P1, X)
which parametrizes rational curves P1 on X when X is a smooth Fano variety:

Theorem 3.1. [LT19b] Let X be a smooth projective Fano variety and set L = −KX . Let V ⊂ X
be a proper closed subset containing the union of all subvarieties Y such that a(Y, L|Y ) > a(X,L).
Then any component of Mor(P1, X) parametrizing a curve not contained in V will have the expected
dimension and will parametrize a dominant family of curves.

Theorem 3.1 is significant for two reasons. The first is that the set V is proper closed; this is
the main theorem of [HJ17]. The second is that Theorem 3.1 gives an explicit description of the
closed set V . In practice, one can use techniques from adjunction theory or the minimal model
program to calculate V . Furthermore, Theorem 3.1 supports Batyrev’s heuristic for the function
field version of Manin’s Conjecture.

The main outstanding question concerning Mor(P1, X) is the number of components. Batyrev
conjectured that the number of components grows polynomially with the degree of the curve. In
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fact, we believe that it is controlled by the b-invariant in a precise way. We can prove such results
for components satisfying an additional hypothesis.

Theorem 3.2. [LT19b] Let X be a smooth projective uniruled variety and let L be an ample
Cartier divisor on X. Fix a positive integer q and let M ⊂ M0,0(X) denote the union of all
components which contain a chain of free curves whose components have L-degree at most q. There
is a polynomial P (d) which is an upper bound for the number of components of M of L-degree at
most d.

It is natural to wonder whether free curves of sufficiently high degree can always be deformed
(as a stable map) to a chain of free curves of smaller degree using Bend and Break. Although
this property, which we call as Movable Bend and Break lemma, seems subtle to verify, we are not
aware of any Fano variety for which it fails. We are able to verify it in some new situations for Fano
varieties of small dimension. By applying general theory, we can then understand the behavior of
rational curves by combining an analysis of the a and b constants with a few computations in low
degree.

Example 3.3. [LT19d] Let X be a smooth Fano threefold of index 1 with Pic(X) = ZH. We
show in [LT19d] that if 4 ≤ H3 ≤ 18 and X is general in its moduli, then Mor(P1, X) has two
components of anticanonical degree 2d − 1 ≥ 3 and three components of anticanonical degree
2d ≥ 4: when the anticanonical degree is 2d − 1, two components are (1) the family of (2d − 1)-
fold covers of lines and (2) the family of irreducible degree 2d − 1 curves; when the anticanonical
degree is 2d, three components are (1) the family of 2d-fold covers of lines, (2) the family of
irreducible degree 2d curves, and (3) the family of d-fold covers of conics. This exactly matches
the framework we propose based on an analysis of dominant generically finite maps f : Y → X
satisfying a(Y,−f∗KX) = a(X,−KX).

The analysis of the above examples are quite involved but a key idea is Movable Bend and Break
mentioned above. Bend and Break lemma was invented by Mori and it shows that if we deform a
rational curve while fixing two points, then it breaks into the union of rational curves of smaller
degree. In [LT19d] we show that one can deform and break a free rational curve of the anticanonical
degree ≥ 4 into the union of two free curves, i.e., Movable Bend and Break lemma, and use this to
prove the irreducibility of the space of rational curves using the inductive arguments.

In [LT19a] we study sections of del Pezzo fibrations over P1 and establish Movable and Bend and
Break in this setting:

Theorem 3.4. (Movable Bend-and-Break for sections, [LT19a]) Let π : X → P1 be a del Pezzo
fibration such that X has only Gorenstein terminal singularities and −KX/P1 is relatively ample.

There is a constant Q(X ) satisfying the following property. Suppose that M ⊂ Sec(X/P1) is a
component of the space of sections that parametrizes a dominant family of sections C satisfying
−KX/P1 ·C ≥ Q(X ). Then the closure of M in M0,0(X ) contains a point representing a stable map
whose domain has exactly two components each mapping birationally onto a free curve.

Here Q(X ) is an explicit constant determined by the behavior of the Fujita invariant and low
degree sections. Combining it with Theorem 3.2 we establish Batyrev’s conjecture for sections of del
Pezzo fibrations. We also found several other applications of MBB to Geometric Manin’s conjecture,
the stabilization of Abel-Jacobi maps, and the enumerativity of Gromov-Witten invariants.

5



Note that using the minimal model program, Corti showed that for any del Pezzo surface of
degree ≥ 3 over C(t) one can find a model over P1 satisfying the assumptions of the above theo-
rem. ([Cor96]) Moreover in the upcoming preprint [LT20] we extend the above result to del Pezzo
fibrations over arbitrary smooth projective curve.

3.2. Future project: Geometric Manin’s conjecture.

Here we propose to consider the following counting function which one can hope it satisfies the
asymptotic formula of Manin’s conjecture:

Definition 3.5. Let X be a smooth projective Fano variety and let L = −KX be the anticanonical
divisor on X. The rationality index r(X,L) is the smallest positive integer of the form L · α as α
varies over all integral 1-cycles. We define the modified counting function by

N(X, q, d) =

d∑
i=1

∑
W∈Md

qdimW

where Md is the set of dominant components of Mor(P1, X) parametrizing curves of anticanonical
degree dr(X,−KX) such that the family map s : C → X does not rationally factor through a
morphism f : Y → X violating geometric compatibility after base change of C →M .

We propose the following Geometric Manin’s conjecture which predicts the asymptotic behavior
of the number of components:

Conjecture 3.6. The following asymptotic formula

N(X, q, d) ∼ Cqda(X,−KX)r(X,−KX)db(X,−KX)−1

holds as d ∈ N→∞ for some constant C > 0.

With Lehmann, we plan to study this conjecture using birational geometry and the minimal
model program. The first non-trivial examples are Fano 3-folds, and they are completely classified
by Fano, Iskovskikh, and Mori-Mukai. I am analyzing this class of varieties with Roya Beheshti,
Brian Lehmann, and Eric Riedl, and our preprint should appear soon. The main result is Movable
Bend and Break Lemma for any smooth Fano threefolds, and we hope to study Movable Bend and
Break for higher dimensional Fano varieties in the near future. Furthermore we plan to extend
results in [LT19b] to results over an algebraic closure of a finite field, and the ultimate goal of this
project is to prove Manin’s conjecture over finite fields for del Pezzo surfaces and Fano varieties.
To this end, it is important to understant a sort of homological stability of moduli spaces of rational
curves, and we plan to attack this ambitious project in the future.

4. Height zeta functions and the distribution of rational points on varieties

4.1. Height zeta functions of equivariant compactifications of algebraic groups.

Let G be a connected linear algebraic group defined over F and X a smooth projective equivariant
compactification of G defined over F . We denote the adele of F by AF , and define an adelic height
pairing:

H : PicG(X)C ×G(AF )→ C,
between the group of classes of G-linearized line bundles on X and the group of adelic points of G,
whose restriction to G(F ) descends to the usual Weil height machine. Let v be a nonarchimedean
place of F . We denote the ring of integers of Fv by Ov. The height paring is invariant under
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the action of a compact subgroup Kv ⊂ G(Fv), which is G(Ov) for almost all v. The height zeta
function is defined by

Z(s, g) :=
∑

γ∈G(F )

H(s, γg)−1.

For <(s) � 0 this function converges absolutely and uniformly to an analytic function and to a
continuous function in H = L2(G(F )\G(AF ))K where K =

∏
v Kv. A Tauberian theorem asserts

that the meromorphic continuation of the height zeta function leads to a proof of Manin’s con-
jecture. Our strategy in obtaining the meromorphic continuation of Z(s, g) is to use automorphic
representation theory of G, i.e., harmonic analysis on the adelic group G(AF ), which gives us a
spectral expansion:

Z(s, g) =
∑
π

Zπ(s, g),

where the sum is over irreducible unitary representations occurring in H, and we expect that this
will give us the meromorphic continuation of Z(s, g). This idea has been worked out when X is a
biequivariant compactification of G, i.e., both left and right actions of G extend to X.

4.2. Future project: Height zeta functions of equivariant compactifications of PGL2.

Our current project in this direction is height zeta functions of one-sided equivariant compactifi-
cations of PGL2. Equivariant compactifications of PGL2 are geometrically more complicated than
varieties which were previously studied. For example, when X is a biequivariant compactification,
the cone of pseudo-effective divisors is generated by boundary components. However this feature
fails for equivariant compactifications of PGL2. This fact has significant impacts on the analysis of
height zeta functions.

In joint work with Takloo-Bighash [TBT16], we studied a blow up of P3 along a line, which is
a one-sided equivariant compactification of PGL2, using automorphic representation theory. The
blow up of P3 along a line is a toric threefold, so Manin’s conjecture for X follows from previous
works on Manin’s conjecture. The novelty here is harmonic analysis for height zeta functions. We
used the representation theoretic version of Whittaker functions to study cuspidal representations
and Eisenstein series parts. We believe that the method in our paper enable us to study all examples
of one-sided equivariant compactifications of PGL2 and I am working on this problem with Ramin
Takloo-Bighash and Yuri Tschinkel.

4.3. Future project: Campana points on equivariant compactifications.

As mentioned in Section 2.2, we formulated a log version of Manin’s conjecture for klt Campana
points in [PSTVA19]. Moreover we proved this conjecture for equivariant compactifications of
vector groups. Let F be a number field and let G = Gn

a be the n-dimensional vector group. Let X
be a smooth, projective, equivariant compactification of G defined over F , such that the boundary
divisor D = X \G is a strict normal crossings divisor on X, with irreducible components (Dα)α∈A.
Let S be a finite set of places of F , containing all archimedean places, such that there is a regular
integral model (X ,D) for (X,D) over the ring of S-integers OF,S of F . Let (X,Dε) be a Campana
orbifold. Let L be a big line bundle on X, and let L denote L equipped with a smooth adelic
metrization. We recall that a divisor is said to be rigid if it has Iitaka dimension zero.

Theorem 4.1 ([PSTVA19]). With the notation above, assume that (X,Dε) is klt. Let a =
a((X,Dε), L) be the Fujita invariant of (X,Dε) with respect to L. If aL + KX + Dε is rigid,
then the asymptotic formula in log Manin’s conjecture for klt Campana points holds for (X ,Dε,L)
with exceptional set

Z = (X \G) ∩ (X ,Dε)(OF,S).
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The proof of the above theorem is relied on techniques developed by Chambert-Loir and Tschinkel
in a series of papers [CLT02] and [CLT12]. A natural question in this direction is

Problem 4.2. Prove a log version of Manin’s conjecture for klt Campana points on wonderful
compactifications of semisimple groups of adjoint type.

I am working on this problem with Dylon Chow, Daniel Loughran, and Ramin Takloo-Bighash
using spectral theory developed in [STBT07].

4.4. Zero-loci of Brauer elements on semi-simple groups.

Let F be a number field. A Brauer-Severi variety is a smooth projective variety P over F which
is isomorphic to a projective space after base change to an algebraic closure F̄ . Let U be a smooth
algebraic variety defined over F . The Brauer group of U is defined by

Br(U) = H2
ét(U,Gm).

This group is necessarily torsion. An n-torsion element α ∈ Br(U) corresponds to a fibration of
n-dimensional Brauer-Severi varieties over U , π : P → U . Then for each b ∈ U(F ), the fiber Pb
contains a rational point if and only if the element α specializes to zero at b. One can consider the
following counting function with respect to a height function:

N(U(F ), α,HL,B) = #{b ∈ U(F ) | α(b) = 0, HL(b) ≤ B}.
This function counts the number of varieties in the family π containing a rational point. Loughran
studied this counting function when U is an anisotropic tori and HL the anticanonical height of
a toric variety [Lou18]. Loughran used the height zeta functions method and harmonic analysis
on tori. In [LTBT18], with Loughran and Takloo-Bighash, we study this problem when U is a
semi-simple group and HL the height function of a wonderful compactification of U by studying
the corresponding height zeta function using Spectral theory developed in [STBT07].

Even our results apply to arbitrary semi-simple groups of adjoint type, here we explain some
samples of our results:

Theorem 4.3 ([LTBT18]). Let PGLn ⊂ Pn2−1 be the usual compactification. Let α ∈ BrU be an
element of order δ such that X(F )α 6= ∅. Then

N(X,α,H, B) ∼ cn,H
B

(logB)1−1/δ
.

5. Density of rational points

5.1. Upper bounds of Manin type.

Giving some upper bounds for the counting function of rational points is also an interesting
problem. There is dimension growth conjecture which predicts that for a subvariety Y of Pn, the
counting function with respect to a naive height on Pn is is bounded by O(T dimY+ε) with a constant
only depending on n and ε, and this conjecture has been solved by Per Salberger.

In my solo paper [Tan19], I introduced the following invariant which is analogous to Seshadri
constants in birational geometry:

Definition 5.1 ([Tan19]). Let X be a normal projective variety defined over an algebraically closed
field of characteristic 0 and H be a big Q-Cartier divisor on X. We consider W = X × X and
denote each projection by πi : W → Xi. Let α : W ′ → W be the blow up of the diagonal and
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denote its exceptional divisor by E, i.e., the pullback of the diagonal. For any Q-Cartier divisor L
on X we denote α∗π∗1L+ α∗π∗2L by L[2]. We define the following invariant

δ(X,H) = inf

{
s ∈ R

∣∣∣∣ for any component V ⊂ SB(sH[2]− E) not contained in E,
one of πi ◦ α|V is not dominant to Xi.

}
,

where SB(sH[2]− E) is the stable base locus of a R-divisor sH[2]− E. We call this invariant the
δ-invariant.

Using this invariant, we obtain the following general upper bounds on the counting functions of
rational points on algebraic varieties:

Theorem 5.2 ([Tan19]). Let X be a normal projective variety of dimension n defined over a
number field k and L be a big Q-Cartier divisor on X. Then for any ε > 0 there exists a non-empty
Zariski open subset U = U(ε) ⊂ X such that we have

N(U,L, T ) = Oε(T
2nδ(X,L)+ε).

An idea of the proof of this theorem is proving the Repulsion principle on height functions
expressed in terms of the δ-invariant and combining it with some standard counting arguments.
In general upper bounds provided by Theorem 5.2 does not need to be better than dimension
growth conjecture. For example we confirm that for many smooth Fano threefolds, the δ-invariant
of the anticanonical class is 1/2 which gives exactly dimension growth conjecture for such varieties.
However for varieties of non-negative Kodaira dimension, the following corollary suggests that
Theorem 5.2 would give better bounds:

Corollary 5.3 ([Tan19]). Let S be a K3 surface defined over a number field F with a polarization
H of degree 2d such that Pic(S) = ZH. Then for any ε > 0, we have

N(S,H, T ) = Oε(T
4
√

4
d

+ 5
d2

+ε
).

It turns out that the δ-invariant is bounded by the s-invariant in birational geometry, and the
above corollary is obtained by giving an upper bound for the s-invariant. Indeed, this is achieved
by using the description of the cone of nef divisors on the Hilbert scheme of two points on S, which
is obtained by Bayer and Macr̀ı in [BM14]. A natural question in this direction is:

Problem 5.4. Using Theorem 5.2 provide upper bounds for the counting functions of rational
points on smooth projective surfaces of general type.

Also with Takehiko Yasuda at Osaka University I am trying to improve the Repulsion principle
under the assumption of Vojta’s conjecture. The ultimate goal of this project is to show that
Vojta’s conjecture implies weak Manin’s conjecture.

5.2. Future project: Towards a classification of abelian Calabi-Yau threefolds.

It is one of important open questions whether families of Calabi-Yau threefolds are bounded. It is
shown by Gross in [Gro94] that the birational boundedness of elliptic Calabi-Yau threefolds holds.
It would be interesting to prove an analogous statement for abelian Calabi-Yau threefolds, and
Lars Halle, Fabien Pazuki, and I are working on this problem. An ultimate goal of this project is
to enumerate and classify all possible abelian Calabi-Yau threefolds.
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